We study spherically symmetric soliton solutions in a model with a conformally coupled scalar field as well as in full conformal gravity. We observe that a new type of limiting behaviour appears for particular choices of the self-coupling of the scalar field, i.e. the solitons interpolate smoothly between the Antide Sitter vacuum and an uncharged configuration. Furthermore, within conformal gravity the qualitative approach of a limiting solution does not change when varying the charge of the scalar field -contrary to the Einstein-Hilbert case. However, it changes with the scalar self-coupling.
Introduction
The Anti-de Sitter (AdS)/Conformal Field theory (CFT) correspondence relates gravity theories in (d + 1)-dimensional asymptotically AdS space-time to a CFT living on the d-dimensional boundary of that space-time [1, 2] . As such, classical solutions in asymptotically AdS have gained a lot of interest. This includes both black hole solutions as well as globally regular, solitonic-like solutions. Within the context of the holographic description of high-temperature superconductivity solutions with asymptotic planar AdS have been considered [3, 4, 5, 6] . It was shown that the formation of scalar (or vector) "hair" on the solutions is the dual description of the onset of superconductivity. This is possible since the effective mass of the scalar field drops below the Breitenlohner-Freedman (BF) bound [7] close to the horizon if the black hole is close to extremality and hence the black hole becomes unstable to the formation of scalar hair on the horizon. Asymptotically, however, the BF bound is fullfilled and hence the solutions tend to AdS space-time asymtotically. Besides being interesting due to the holographic interpretation, the stability of classical field theory solutions is, of course, also of interest by itself as it could well shed light on other interesting questions, e.g. black hole uniqueness. Consequently, the stability of black holes and solitons in global AdS as well as in asymptotic hyperbolic AdS have also been discussed. In [8] uncharged black holes in (4+1) dimensions have been considered. It was shown that static black holes with hyperbolic horizons can become unstable to the formation of uncharged scalar hair on the horizon of the black hole due to the existence of an extremal limit with near-horizon geometry AdS 2 × H 3 [9, 10, 11] . These studies were extended to include higher order curvature corrections in the form of Gauss-Bonnet terms [12] .
Charged black hole and soliton solutions in asymptotically global AdS in (3 + 1) dimensions were studied in [13] . It was pointed out that the solutions tend to their planar counterparts for large charges since in that case the solutions can become comparable in size to the AdS radius. The influence of the Gauss-Bonnet corrections on the instability of these solutions has been discussed in [14] . The corresponding investigation in (4 + 1)-dimensional global AdS was done in [15, 16] . The existence of solitons in this case had been suggested previously in a perturbative approach [16] . In all studies the mass of the scalar field had been set to zero. In [17] these results were extended to a tachyonic scalar field as well as to the rotating case. Recently, charged soliton solutions with positive scalar field mass have been studied in (3 + 1)-dimensional global AdS [18] . In this case, the solutions carrying scalar hair can be interpreted as charged non-spinning boson star solutions in global AdS space-time. Uncharged boson stars in AdS were first discussed in (d + 1)-dimensional AdS spacetime using a massive scalar field without self-interaction [19] and with an exponential self-interaction potential [20, 21] , respectively. Spinning solutions in (2 + 1) and (3 + 1) dimensions have been constructed in [22] and [23] , respectively.
In most studies done so far, the scalar field is minimally coupled to Einstein-Hilbert gravity. One could however also consider a non-minimal coupling between gravity and the scalar field. This has been done for solitons and black holes in an AdS background in [24] , while electrically charged AdS black holes with nonminimally coupled scalar fields with planar horizon topology have recently been discussed [25] . One motivation for considering such a coupling comes from the observation that the Higgs field that seems to have been discovered recently at the LHC [26] could play the role of the scalar field responsible for inflation, the so-called inflaton, if this scalar field is non-minimally coupled to gravity [27] .
On the gravity side essentially only Einstein-Hilbert gravity [13, 15] or Einstein-Gauss-Bonnet gravity [14, 28] has been considered in the context of solitons in AdS. Here, we would like to study conformal gravity. This gravity theory has been proposed as an alternative to covariant Einstein gravity and has the advantage that as soon as one requires additionally to covariance that the theory be locally conformally invariant the action of the model is uniquely specified and is given by the Weyl action [29] . As an example let us mention that the cosmological constant has to be introduced "by hand" into the Einstein-Hilbert action, while it naturally appears in Conformal Gravity. Furthermore, since the coupling constant appearing in conformal gravity is dimensionless the theory becomes power-counting renormalizable in contrast to Einstein-Hilbert gravity which is plagued with the dimensionful Newton's constant G.
In this paper, we are interested in studying the formation of conformal scalar hair on charged solitons in a (3 + 1)-dimensional asymptotically AdS space-time. While in previous studies the mass of the scalar field was often chosen to be non-vanishing we choose it to be zero here and introduce a self-interaction term into the matter Lagrangian that is invariant under conformal transformations. We will first be interested to study the properties of the soliton solutions in the case where the matter Lagrangian is minimally coupled to EinsteinHilbert gravity. Then, we will construct solutions of a model in which the scalar field is conformally coupled to Einstein-Hilbert gravity. Finally, we study a model whose total Lagrangian is conformally invariant -including the gravity part. The gravity part will be given by Weyl gravity. Spherically symmetric solutions in conformal gravity were studied in [30] . This paper is organized as follow: in Section 2, we present the general set-up, while in section 3 and 4, respectively, we discuss the case of Einstein-Hilbert gravity and Weyl gravity coupled to a scalar field. Finally, Section 5 contains the conclusions.
General set-up
In this paper, we are studying the formation of scalar hair on electrically charged solitons in asymptotically (3 + 1)-dimensional AdS space-time. The action reads :
where S gravity (L gravity ) denotes the gravity action (Lagrangian) and S matter (L matter ) the matter action (Lagrangian), respectively and g is the determinant of the metric tensor g µν . The matter Lagrangian reads :
is the field strength tensor of the U(1) gauge field A µ and D
ψ is the covariant derivative of the complex scalar field ψ with potential V (ψ) = λ|ψ| 4 . e and λ denote the electric charge and the self-coupling of the scalar field ψ, respectively. Finally, β is a parameter that can only have two values: either β = 0 which corresponds to a minimally coupled scalar field or β = 1/6 which corresponds to a conformally coupled scalar field, respectively, with R the Ricci scalar. Note that the matter part of the action S matter is invariant under a rescaling of the type
In the following, we want to study static, spherically symmetric and electrically charged soliton solutions. The Ansatz for the metric in Schwarzschild-like coordinates reads :
where the metric function a(r) ≡ 1 in the case of conformal gravity, while a(r) = 1 in general in the EinsteinHilbert case. For the electromagnetic field and the scalar field we choose :
Note that originally the scalar field is complex, but that we can gauge away the non-trivial phase and choose the scalar field to be real. We will be interested in studying the dependence of the physical properties of the soliton like the charge and the mass on the coupling constants. In the following, we will use two different notions of the mass: the inertial mass M I and the gravitational mass M G . The inertial mass is given by [30] 
where the T µ ν , µ, ν = 0, 1, 2, 3 denote the components of the energy-momentum tensor. The gravitational mass M G has different definitions in Einstein-Hilbert gravity and conformal gravity, respectively. In Einstein-Hilbert gravity, the gravitational (or Komar) mass is defined by the surface integral associated to the conserved charge related to time translation invariance. It is proportional to the 1/r coefficient in the asymptotic behaviour of the metric function f (r) in (4) . Using the field equations, it can further be expressed according to
In conformal gravity we follow [30] and define the gravitational mass as follows
Obviously, even in Einstein-Hilbert gravity the ratio M G /M I will not be constant since the integrand for M I contains an extra factor of the metric function a(r) which is not present for the gravitational mass. However, in the case of conformal gravity we can use the conformal symmetry g µν → Ωg µν to set the metric function a(r) ≡ 1. Hence, the difference between the gravitational and inertial mass will indeed be a signal of the violation of the equivalence principle in the case of conformal gravity.
In the following, we will be interested in two different type of gravity actions. First, we will study the coupling of the matter field action to the standard Einstein-Hilbert action, where the latter is not conformally invariant. Then we will discuss a matter-gravity action that as a whole is conformally invariant.
Einstein-Hilbert gravity
We would first like to study solutions in Einstein-Hilbert gravity in which case the gravity Lagrangian reads
where the negative cosmological constant Λ is related to the Anti-de Sitter radius ℓ by Λ = −3/ℓ 2 and R is the Ricci scalar.
The coupled gravity and matter field equations are obtained from the variation of the action with respect to the matter and metric fields, respectively, and read
and
where T µν is the energy-momentum tensor
withT µν the standard "minimal" energy-momentum tensor of the matter fields given bỹ
and G µν is the Einstein tensor. Using the Ansatz (4) and (5) we then obtain a system of four coupled ordinary differential equations, where the gravity equations for f and a are first order, while the matter field equations for φ and ψ are second order. The gravity equations are very lengthy that is why we don't present them here. However, we give the matter field equations below to point out something important related to the conformally coupled case. The matter equations read
and the prime denotes the derivative with respect to r. Note that if we would have included a mass term for the scalar field in the action the equation for ψ would contain a term of the form m 2 ψ/f . Since R = −12/ℓ 2 asymptotically we find that for β = 1/6 the non-minimal coupling of the scalar field induces a mass term for the scalar field with m 2 = −2/ℓ 2 . The equations have further scaling symmetries
These can be used to set two of the coupling constants to a fixed value, in practice we will use this to set ℓ ≡ 1 and G to a fixed value. We will hence be left with two coupling constants that are too be varied: λ and e 2 . In order to solve the system of coupled, non-linear differential equations we need to fix appropriate boundary conditions. The regularity of the solutions at r = 0 requires
On the AdS boundary, we choose a(∞) = 1, while the matter fields have the following behaviour
where Q corresponds to the charge of the soliton. In the following, we will fix ψ 1 ≡ 0. Hence, we have the freedom to choose one more parameter at will. In most case, we have chosen the value of ψ(0) ≡ ψ 0 which then fixes the values of ψ 2 , Q and µ. Alternatively, we have also done numerical calculations fixing the charge Q which would then uniquely determine the values of ψ(0), ψ 2 and µ.
Here, we can also redefine the metric function f (r) in a Schwarzschild-like way
where m(r) is the mass function. It is well known that the gravitational mass M G can then be expressed easily in terms of this mass function as
Minimally coupled scalar field
This corresponds to the case β = 0.
Solitons with vanishing charge
Following an argument in [32] it is easy to show that the gravitational mass M G of our solutions with φ ≡ 0 behaves as follows under a rescaling of the form r → µr, with µ a constant:
where
Now M 2 is fundamentally positive, however, M 1 can become negative for λ "small enough". The uncharged soliton must fulfill
This shows clearly that for λ positive uncharged soliton solutions in AdS do not exist. However, if λ is chosen "negative enough" M 1 can become equal to −M 2 /3. We observe the existence of these type of solutions and give more details in the numerical results section below. The question might than be whether negative values of λ are physical since the potential is not bounded from below. For this we refer the reader to [13] , where different potentials have been discussed in the context of solitons in AdS. In particular, a potential of the form
) has been discussed. This potential clearly has a negative coupling in front of the ψ 4 term. Here, we want to study conformally invariant models and since the ψ 4 term is the only conformally invariant potential term, we restrict to this here.
Numerical results
We have used a Newton-Raphson algorithm with adaptive grid scheme [31] to construct the solutions numerically. In the numerical construction, we set ℓ 2 = 1 and γ ≡ 16πG = 1 without loss of generality. In this section, we would like to point out the effect of different choices of λ. As indicated above Q = 0 solutions are not excluded for a choice of λ "negative enough". This is what we will demonstrate below. First, we have however studied the case of positive λ. In Fig.1 we present our results for e 2 = 1.3 and λ = 0.01. Note that we only present the branch connected to the AdS vacuum here. We observe that the behaviour of the solutions is qualitatively similar to those with a "pure" mass term [13, 15] . The solutions exist on a finite interval of the mass and charge. We find that both the gravitational as well as the inertial mass have their maximal possible value at the largest possible charge Q. From this value of Q on, a second branch of solutions extends backwards in Q. The curve of the gravitational mass M G simply extends backwards with M G being higher on the second branch than on the first branch. The inertial mass on the other hand is lower on the second branch of solutions and shows a spiraling behaviour. This qualitative behaviour is true for both the fundamental solution without nodes in the scalar field function ψ(r) as well as for the first excited solution which contains a zero of ψ(r) at some intermediate value of the coordinate r. We also find that the maximal value of the mass and charge is much smaller for the excited solutions than for the fundamental solutions.
We have then studied the case of negative λ. Our results for e 2 = 1 and λ = −10 are shown in Fig.2 . We observe that very similar to the case with positive λ the AdS vacuum gets smoothly deformed when increasing ψ(0) from zero. The gravitational and inertial mass as well as the charge Q increase up to a maximal value at some intermediate value of ψ(0). Then all three values decrease such that at some finite value of ψ(0) the charge of the solution vanishes, i.e. Q = 0. We find that for our choice of parameters the fundamental solutions hence interpolate between the AdS vacuum and an uncharged configuration. As can be seen from Fig.2(b) the qualitative behaviour of the inertial mass in dependence on Q is different for this case and shows a behaviour very similar to that of the gravitational mass. Let us also remark that the first excited solutions do not seem The question is then at which value of λ the transition from the qualitative behaviour observed in the λ > 0 case to the behaviour observed for λ = −10 takes place. We would expect this to happen at λ "small enough". We have hence studied the range of negative λ in more detail. Our results for e 2 = 1 are shown in Fig.3 . While for λ = −5.1602 we still find the qualitative behaviour present in the positive λ case, this changes when decreasing λ further. For λ = −5.44 we find a behaviour similar to that for λ = −10. Our results for an intermediate value, i.e. λ = −5.4 clearly show how the transition between the two takes place. We find that the branch showing the inertial mass of the solutions splits into disconnected ones, i.e. into two branches that are connected to the AdS vacuum and into two branches that connected to the Q = 0 solution. The two branches connected to the AdS vacuum look similar to the branches existing for larger values of λ, while the two branches connected to Q = 0 seem to appear as soon as λ is small enough. Decreasing λ we would expect the two branches connected to the AdS vacuum to join the two connected to the Q = 0 solution to form two branches that interpolate smoothly between the AdS vacuum and the Q = 0 solution. Interestingly, in the case of this critical λ where disconnected branches appear, we can have up to three solutions for the same value of Q. These three solutions for Q = 0.2948 and λ = −5.4 are shown in Fig.4 . The solutions look qualitatively similar, however, we see a clear difference in the profiles, e.g. the larger the value of M I the smaller is the value of φ(0).
Conformally coupled scalar field
This corresponds to β = 1/6. Again, we have used the same numerical technique as before and have fixed ℓ 2 = 1 and γ ≡ 16πG = 1 without loosing generality.
Numerical results
We have first studied the gravitational mass M G and the charge Q of the solutions for different values of λ and e 2 = 1. The results are given in Fig.5 . We observe that for positive λ the mass tends to a constant for ψ(0) → ∞ Fig.4 . In all cases, the curve that possesses a spikelike behaviour corresponds to M G .
with solutions with positive Q existing all the way down to a(0) = 0 where they merge with a singular solution. On the other hand for negative λ we observe that for λ sufficiently negative the solutions tend to a solution with Q = 0 at some finite value of ψ(0) and a(0). These solutions have φ ≡ 0 which can be see in Fig.6 for λ = −3, where we plot the profiles of the solutions. Since we have observed that the qualitative dependence of the inertial mass on the charge Q changes when lowering λ for β = 0, we have also studied this here. Our results for the dependence of the inertial mass M I on the charge Q for e 2 = 1 and different values of λ < 0 are shown in Fig.7 . We observe that similar to β = 0 the qualitative features change when choosing λ "small enough". We observe that for a given e 2 this happens at larger λ in the case of a conformally coupled scalar field in comparison to a minimally coupled one. This is indicated by Fig. 8 , where we give the gravitational mass M G as function of ψ(0) and the charge Q as function of a(0) for e 2 = 3 and three different negative values of λ. We find that λ ≈ −2.2854 is the largest value at which Q = 0 solutions are possible. There is just one solution with Q = 0 in this case. Lowering λ further, we find that two solutions with Q = 0 can exist which possess different values of a(0), ψ(0) and the gravitational mass M G . Furthermore, we find that a "gap" opens up in between these two Q = 0 solutions.
Conformal gravity
In the following, we want to study a model that is conformally invariant both in the matter as well as in the gravity part. As stated above, the Einstein-Hilbert action is not conformally invariant. We hence replace this by a conformally invariant action whose main ingredient is the Weyl tensor C κλµν given by the totally traceless 
The gravitational Lagrangian then reads
where α is a dimensionless positive parameter. The matter field equations are given again by (11) and (12) .
The gravitational field equations are formally similar to the Einstein equations and are given by where W µν is the Bach tensor defined by:
Since the Bach tensor is traceless, the energy-momentum tensor T ν µ must also fulfill T µ µ = 0. It is important to note that the gravity Lagrangian does not contain a negative cosmological constant a priori. As we will see later, a negative cosmological constant is naturally induced in conformal gravity due to appropriate choices of the boundary conditions.
We again use the Ansatz (4) and (5), however the conformal symmetry allows us to set a(r) ≡ 1 [29] . The field equations for the matter fields are given by (15) and (16), while the gravity equation reads
with T µν the energy-momentum tensor that results from the variation of the matter Lagrangian with respect to the metric:
whereT µν represents the ordinary ("minimal") energy-momentum tensor of the U(1) scalar field model and G µν is the Einstein tensor. The non-vanishing components of this tensor are given e.g. in [30] .
To solve the system of differential equation that are now fourth order in the gravitational sector we choose the following boundary conditions
where κ and Q are constants, where the former corresponds to the effective negative cosmological constant and the latter is the charge. The system of coupled differential equations has similar scaling symmetries than the one in the Einstein gravity case. These read
and can be used to set two coupling constants to fixed values without loosing generality.
Here, it was shown that the metric function f (r) has the general behaviour far away from sources [30] f (r >> 1) = κr
where the c i , i = 0, 1, 2 are integration constants and κ is the aforementioned cosmological constant. Using (30) it is then apparent that
Hence, the gravitational mass is related to the linear term in (36). This is not surprising since the potential of a point particle in conformal gravity is linear. The coefficient c 2 on the other hand, which determines the 1/r-fall off of the metric function and in Einstein-Hilbert gravity would be interpreted as the mass can be expressed as follows [30] 
In the following, we will determine c 2 as well as M G .
Numerical results
We solved the system of field equations numerically using the same technique as above [31] . In the following we will choose α = 1 and κ = 0.1. The relevant parameters to be considered are therefore e 2 and λ. We have first studied the dependence of the qualitative pattern on λ for a fixed value of e 2 . Our results for e 2 = 1 are shown in Fig.9 . We find that for a given value of ψ(0) the charge Q decrease when decreasing λ from zero 1 . We find that for λ close to zero the charge increases strongly with ψ(0) suggesting that the solutions reach the planar limit at large enough ψ(0). The behaviour changes when choosing λ smaller, in our case for λ ≤ −0.05. The charge Q now reaches a constant, finite value for ψ(0) → ∞. For even smaller values of λ we observe the same phenomenon as for the Einstein gravity case, namely that the solutions tend to a Q = 0 solution at some finite value of ψ(0). This is clearly seen in Fig.9 for λ ≤ −0.15.
Furthermore, we observe that the maximal value of the gravitational mass is reached at smaller and smaller values of Q when decreasing λ, see Fig.10 . We also do not observe a spike-like behaviour in the M G -Q-plot which means that the maximal gravitational mass in not reached at the maximal charge Q. Moreover, the qualitative pattern seems to change when varying λ. For λ close to zero the gravitational mass M G has a maximum, then decreases strongly on a second branch of solutions that have larger Q, forms a loop and increases again. When decreasing λ further, the loop shrinks in size and the minimal value of M G decreases. Our numerical results indicate that M G can even become negative for some values of Q. For even smaller values of λ we observe that Fig.10 this second branch extends all the way back to Q = 0 if λ is small enough. All our numerical results indicate that a solution with Q = 0 also exists in the case of conformal gravity. However, applying a scaling-type argument similar to that in (3.1.1) does not seem to work here. If we would apply this to either M I , M G or c 2 we would always find that these quantities should be zero. Hence, other arguments have to be evoked in conformal gravity in order to show the existence of soliton-type solutions.
In Fig. 11 and Fig.12 we give the inertial mass M I , the gravitational mass M G and the parameter c 2 as function of Q for λ = −0.07 and varying values of e 2 . The first thing to note is that the qualitative pattern seems to be similar when comparing the inertial mass M I and the parameter c 2 , while M G shows a completely different behaviour. Since a(r) ≡ 1 due to the conformal invariance the fact that the ratio M G /M I is not constant clearly demonstrates that the equivalence principle does not hold in this case.
In contrast to the case of AdS soliton solutions in Einstein-Hilbert gravity where two qualitatively different approaches to limiting solutions are available depending on the value of e 2 (see e.g. [13, 33] ) we find that here the qualitative pattern is independent of the choice of e 2 . This can be understood when remembering that in Einstein-Hilbert gravity and for small values of e 2 the solutions tend to an "attractor" solution with the value of the metric function at the origin a(0) → 0. In conformal gravity we can use the transformations to choose a(r) ≡ 1. So, it is natural that this limit does not exist here.
As an example let us describe the behaviour of the gravitational mass M G in more detail. For small values of e 2 (see Fig.11 ) the solutions reach a maximum of the gravitational mass M G at an intermediate value of the charge Q, then the charge Q becomes maximal at an intermediate value of the gravitational mass M G and a second branch of solutions extends backwards to smaller values of Q. Increasing e 2 further the curve nearly shows a spike-like behaviour with the maximal value of M G reached at the maximal value of Q. Increasing e 2 further, we observe that a loop forms such that the second branch of solutions intersects the first branch at some value of Q. For even larger values of e 2 (see Fig.12 ) we find that the solutions reach a solution with maximal Q at some intermediate M G and then form a second branch of solutions extending back in Q on which they reach the solution with the largest M G .
Finally, we have studied solutions with a fixed electric charge Q for different values of the coupling e 2 . We do not present a separate plot here, because the qualitative features are the same as in the other cases. Let us simply mention that the electric potential φ(r) approaches a constant in the limit e 2 → 0. In this case, the U(1) gauge symmetry becomes global and hence the (originally) complex scalar field can not be gauge transformed to be real (as done throughout this paper). Hence, we would have to choose the scalar field complex and could e.g. adopt the following Ansatz with a periodic time-dependence ψ(r, t) =ψ(r)e iωt . Hence, φ(r) ≡ µ can be reinterpreted as the frequency parameter ω characterizing the harmonic time-dependence of the soliton, which makes the connection to boson star solutions apparent.
Conclusion
In this paper, we have studied the formation of conformal scalar hair on charged solitons in global (3+1)-dimensional AdS space-time. Charged soliton solutions minimally coupled to gravity were studied in [13] . It was found that the pattern of solutions is rich and crucially depends on the U(1) gauge coupling. In this paper, we have attempted to characterize the pattern of charged solitons (i) when the scalar field is nonminimally coupled to gravity and (ii) when considering conformal Weyl gravity instead of Einstein-Hilbert gravity, respectively. Since we were aiming at studying a matter action that is conformally invariant only a ψ 4 -potential is compatible with this requirement. This excludes the standard mass term for the scalar field which has been frequently studied in the context of AdS solitons with scalar hair. However, the conformal coupling of the scalar field to gravity naturally induces a mass term for the scalar field in asymptotic AdS.
One of the important results in the context of the self-interaction potential is that new branches of solutions indicates that these type of configurations should be possible as soon as the self-coupling constant of the scalar field is small enough. We find that we have to choose the self-coupling much smaller in the case of a minimally coupled scalar field as compared to the conformally coupled scalar field to find the interpolation between the AdS vacuum and a Q = 0 configuration. Furthermore, we find that in the case of conformal gravity the qualitative pattern of solutions seems to be independent of the gauge coupling e 2 for the large range of the parameters that we have investigated.
Consecutive to the evidence of particular instability channels of asymptotically AdS to formation of black holes [34] a lot of studies were devoted to this topic, in particular to the study of the stability of boson stars in asymptotically AdS (see e.g. [35, 36, 37] ). In particular, it was shown that AdS boson stars are non-pertubatively stable [35] . Since our solitons have a boson star limit for vanishing gauge coupling and hence resemble these solutions it would be interesting to investigate the different aspects of their stability in the context of conformal coupling as well as in conformal gravity.
